Abstract. It is well known that increase of the spatial dimensionality enhances the fluid-fluid demixing of a binary mixture of hard hyperspheres, i.e. the demixing occurs for lower mixture size asymmetry as compared to the three-dimensional case. However, according to simulations, in the latter dimension the fluid-fluid demixing is metastable with respect to the fluid-solid transition. According to the results obtained from approximations to the equation of state of hard hyperspheres in higher dimensions, the fluid-fluid demixing might become stable for high enough dimension. However, this conclusion is rather speculative since none of these works have taken into account the stability of the crystalline phase (by a minimization of a given density functional, by spinodal calculations or by MC simulations). Of course, the lack of results is justified by the difficulty of performing density functional calculations or simulations in high dimensions and, in particular, for highly asymmetric binary mixtures. In the present work, we will take advantage of a well tested theoretical tool, namely the fundamental measure density functional theory for parallel hard hypercubes (in the continuum and in the hypercubic lattice). With this, we have calculated the fluid-fluid and fluidsolid spinodals for different spatial dimensions. We have obtained, no matter what the dimensionality, the mixture size asymmetry or the polydispersity (included as a bimodal distribution function centered around the asymmetric edge-lengths), that the fluid-fluid critical point is always located above the fluid-solid spinodal. In conclusion, these results point to the existence of demixing between at least one solid phase rich in large particles and one fluid phase rich in small ones, preempting a fluid-fluid demixing, independently of the spatial dimension or the polydispersity.
Introduction
Entropy-driven demixing was an active line of research since the 1990s. Several works had shown the presence of fluid-fluid (F-F) demixing in binary mixtures of hard anisotropic particles [1, 2, 3, 4, 5, 6] . The demixed phases can have different symmetries, with or without long range orientational order, the so called nematic or isotropic phases respectively. However, the simplest binary mixture of hard particles one can imagine, namely the hard sphere (HS) mixture, does not demix into two fluid phases even for high mixture size asymmetry. The first simulation study on the fluidsolid phase separation in the binary mixture of hard spheres [7] does not report any F-F demixing. However, they only consider mixtures with diameter ratios very close to one. More recent theoretical and simulation works on this system consider more asymmetric mixtures and for large enough asymmetry they have shown that the F-F demixing is metastable with respect to the fluid-solid (F-S) phase separation, with the crystalline phase rich in large spheres while the fluid phase is mostly populated by small spheres [8, 9] . In these works the F-F instability is taken into account in the computer simulations by approximating the effective hamiltonian through an explicit depletion potential approximation (integrating out the degrees of freedom of the small spheres). The same scenario occurs in binary mixtures of parallel hard cubes (PHC) with particles freely moving over space [10] or constrained on a lattice [11] . Note that although the cubes are anisotropic particles, the gain in the entropic volume after demixing can only be reached by changing the mixture composition or the density. As the cubes are parallel, the orientational entropy does not play any role here. In this sense the mixture of PHC is similar to the HS mixture. However, the effective depletion pair potential between two large solute particles immersed in a solvent of small particles is greater if the particles have cubic symmetry. As a matter of fact, this is why the scaled particle theory (SPT) applied to cubes predicts a metastable F-F demixing [10] , while the same theory applied to HS does not.
In contrast to mixtures of additive HS, mixtures of non-additive HS can exhibit a stable F-F demixing as was shown by several authors both theoretically and by simulations [12] . This behavior can be perfectly understood by resorting to the following argument: when the interactions between different species are more repulsive (with a larger excluded volume) than those corresponding to the same species, the particles in the demixed configurations have a lower entropic volume and thus a greater configurational entropy (and consequently a lower free-energy).
The study of the hard hypersphere (HHS) one-component fluid has received great attention in recent years because certain questions that are ambiguous in 3D, e.g., jamming, crystallization, glass formation, find clearer answers when examined from a dimensional perspective. Also the poor knowledge of the lattice packing properties of HHS in high dimensions has led to works toward that direction [13] . Recent works have shown that the freezing of HHS is frustrated because configurations of spheres with simplex liquid ordering are very different from those corresponding to the periodic lattice geometry [14] . Also calculations of the pair correlation functions g 2 (r) evince that the short-range ordering decreases appreciably with dimensions [15] . The frustration translates into higher free-energy barriers between the fluid and crystal states [14, 15] and thus the fluid has a greater propensity (than in three dimensions) to form a glass upon compression [15] . Both, simulations [14, 15, 16] and density functional calculations [17] have shown that the F-S transition occurs at lower packing fractions as the dimensionality increases and also that the character of this transition remains of first order. This does not mean that freezing is favoured when the dimensionality increases, since close packing is also reached at lower densities. Finally, the HHS fluid has been used as a test for different theoretical approximations of the structural properties of the fluid, comparing the direct correlation function c(r) and the radial distribution function g(r) obtained from these theories with those obtained by MC and MD computer simulations [18, 19, 20] .
Returning to the demixing behavior of binary mixtures composed of particles interacting with hard-core potentials, we should say that the number of theoretical studies carried out in dimensions higher than three are very small, to our knowledge there is only one [21] . In this work the authors have shown that the F-F demixing of a binary mixture of HHS is favored as the dimensionality increases, i.e. the demixing shows up at lower mixture size asymmetry when the dimensionality increases. Notwithstanding, this is not conclusive enough to discard that one of the demixed phases could be unstable with respect to the freezing transition. The only way to settle this question is to involve the crystalline phase of a binary mixture in the theoretical or simulation studies, which obviously becomes a much more difficult task as compared to three dimensions.
The aim of the present work is to get some insights into what is the most likely scenario: F-F versus F-S demixing in a mixture of parallel hard hypercubes (PHHC). We have selected this system because the freezing of PHHC is much less affected by the geometric frustration present in HHS and thus the study is easier to carry out. For example, the simple hypercubic lattice is probably the most stable configuration of particles in a crystalline phase, and the same should occur in the crystalline phase of a binary mixture when small cubes occupy a very small fraction of the total volume. The other reason behind this selection is related to the theoretical tool we will apply to this study: the fundamental measure density functional theory developed for a mixture of PHHC defined on a lattice [22] or on the continuum [23] . As has already shown, the fundamental measure theory (FMT) applied to a HS fluid gives the most accurate results for the freezing transition as compared to other density functional theories [24] . Comparison between theory and simulations also confirms the high performance of this theory in predicting the equation of state of the crystalline phase of PHC [10] . Also, we have already shown that in three dimensions the F-F demixing is metastable with respect to the F-S demixing even for high mixture size asymmetry [10] . Simulations carried out on binary mixtures of parallel hard squares found strong clustering of large squares with crystalline structure in coexistence with a fluid of small squares [25] which would confirm this scenario in small dimensions. Note that this is in accordance with SPT prediction for this system of a stable mixed phase with respect to the F-F demixing.
In the present paper we use FMT for PHHC to perform a F-S bifurcation analysis which together with the F-F spinodal calculations allow us to conclude that the F-F demixing is preempted by the freezing of at least one of the segregated phases (that is rich in large hypercubes). We show that this result holds up to the 9th dimension. For dimensions greater than 9 the third virial approximation is accurate enough and we can use it to show that the same scenario remains up to dimension 25. For higher dimensions, we have carried out an asymptotic analysis of the second virial approach (which becomes exact in the limit of infinite dimension) and the conclusions do not change: the F-S demixing preempts the F-F demixing. Finally, we have included polydispersity in the edge length of the PHHC by means of a bimodal distribution function and again we find the same scenario.
The paper is organized as follows. In Sec. 2 we present the expressions for the direct correlation functions of a mixture of PHHC as obtained from the FMT defined on a lattice and on the continuum. These functions allow us to perform an F-S bifurcation analysis and to calculate the F-F demixing spinodals. In Sec. 3 we show the results from these calculations. This section is divided into three parts: in Sec. 3.1 we present the results from the F-S bifurcation analysis of the one-component fluid of PHHC as a function of dimensionality; Sec. 3.2 is devoted to a detailed study of the demixing transitions as a function of mixture size asymmetry and dimensionality; and finally in Sec. 3.3 we present the results from the bifurcation analysis of a bimodal polydisperse mixture of PHHC. In Sec. 4 we carry out an asymptotic analysis (for large dimensions) of the second virial approximation which allows us to conclude that at infinite dimension the F-F demixing is metastable with respect to the F-S demixing. The conclusions are drawn in Sec. 5 and theoretical details of the bifurcation analysis are relegated to an appendix.
Model
The model consists of a binary mixture of PHHC embedded in dimension n with species i = 1, 2 having an edge length equal to σ i . We define mixture size asymmetry by the coefficient κ = σ 2 /σ 1 ≥ 1. The mixture is fully characterized by the density profiles ρ i (r) where the vector r ≡ (x 1 , x 2 , . . . , x n ) denotes the position of the center of mass of a particle in the n-dimensional space. If the particle positions are constrained to be on a simple hypercubic lattice the variables x i are set equal to i ∈ Z (i.e. we are using the lattice mesh size as the unit of length). Note that when the lattice mesh size goes to zero, the lattice model goes to the continuum model, therefore in the lattice model we have chosen σ 2 = 2 in order to emphasize its discrete nature. We will use the density functional (DF) based on the FMT obtained by us already on a lattice [22] and on the continuum [23] . We refer the reader to those references for a detailed description of the way to obtain the DF from the free-energy density of a so called zero-dimensional cavity, which can accommodate one particle at the most. For a more general reference on the theory see Refs. [26, 27] .
From the DF we can obtain the Fourier transform of the direct correlation functions which are the only expressions we need to compute the F-F and F-S spinodals corresponding to the F-F or F-S demixing transitions. From these, we can analyze the relative stability between F-F and F-S transitions.
Direct correlation functions following the FMT for PHHC
As we have already shown in [22, 23] the excess part of the free-energy DF corresponding to a mixture of PHHC in dimension n, βF ex [{ρ i }], can be obtained from the excess free energy of a zero-dimensional cavity
η being the packing fraction of the cavity.
In particular, for the continuum c-component mixture of parallel hard hyperparallelepipeds we have
η(r) being the local packing fraction of a maximal zero-dimensional cavity centered at r and σ
(l)
i being the edge length of component i in the l spatial direction. The analogous expressions for the discrete case are
η (k) (r) being the packing fraction of a zero-dimensional cavity around r. For a connection between the difference operator in equation (4) and the Möbius inversion formula, the reader is referred to [26] .
Using Eqs. (2) and (4), we can calculate the direct correlation functions defined through the second functional derivative, c
ex /δρ i (r 1 )δρ j (r 2 ), evaluated at uniform density profiles ρ i (r) = ρ i . If we calculate the Fourier transforms of these functions, evaluate them at the wave vector q = q(1, 0, . . . , 0) and take σ
with σ ij = σ i +σ j , C n k = n!/k!/(n−k)! the usual combinatorial coefficients and j 1 (x) the spherical Bessel function of first order. The functions ζ k (ξ n−k , . . . , ξ n ) with k = 0, . . . , n can be obtained recurrently from ζ 0 (ξ n ) = 1/(1 − ξ n ) using the following relations
where we have defined
Note that the packing fraction η is just equal to ξ n . For the lattice version we have
The fluid pressure of the mixture in the continuum is related to the function ζ n (ξ 0 , . . . , ξ n ) through the relation ζ n = ∂βp/∂ξ n . The lattice version give us the following expression for the pressure
We should note that the expressions (6) and (8) in the low density limit ρ i → 0 recover the exact second and third virial approximations.
F-F and F-S spinodals
The packing fraction η (note that η = ξ n in the continuum and η = η n in the lattice) and the wave number q at the F-S transition of the binary mixture can be calculated from the singularity of the matrix with coefficients defined through the partial structure factors
with x i = ρ i /ρ the mixture composition and ρ = i ρ i the total density. The singularity condition gives us, at a fixed composition
Now, we should look for the lowest value of η that satisfied this equation. If we take into account that ∆(η, q, x 1 ) = 0 defines a function η sing (q, x 1 ), in order to find the values η bif (x 1 ) and q bif at the F-S transition we need to solve
In the continuum this is equivalent to the set of equations
In the lattice version, due to the discrete nature of q (in units of the lattice mesh size) we do not have the second equality in (13) . Finally, in both cases the F-F spinodal can be calculated from the condition ∆(0, η, x 1 ) = 0.
Results
This section is divided into three parts. The first one is devoted to showing the performance of our theory concerning the calculation of the F-S transition of a onecomponent fluid of PHHC as a function of dimensionality n.
In the second part we analyze the relative stability between the F-F and F-S demixing, again as a function of n, of (i) a binary mixture of PHHC and of (ii) a bimodal polydisperse fluid. For the former system, we have carried out the analysis both in the continuum and in the lattice cases, while for the latter only the continuum system is studied. The last part of the section is devoted to the study of the binary mixture phase behavior at infinite dimension, by means of an asymptotic analysis.
One component fluid
As we have already shown using both versions of the FMT, the continuum parallel hard cube fluid in dimension three exhibits a second order F-S transition where the cubes crystallize in a simple cubic lattice [23] ; in the lattice version [22] the system shows a second order transition where the structure of the ordered phase depends on the size of the cubes (from smectic for the smallest cubes possible to solid for larger sizes). Herein we will be referring to F-S demixing for both the continuum and lattice model, but we ask the reader to take into account that in the discrete case the structure of the ordered phase could be different from a solid. In the continuum the same behavior was also predicted from simulations [28, 29, 30] . Although the character (second order vs. first order), and the symmetry of the crystalline phase were adequately predicted from FMT as compared to MC simulation results, the precise location of the transition point is underestimated by the theory [10] . This discrepancy is explained by noting that the uniform limit of the FMT recovers the SPT and, therefore, the fluid phase predicted by FMT inherits all its defects. While all the virial coefficients predicted by SPT are positive, it is known that this is not the real case [31, 32] where the presence of negative coefficients results in a poor convergence of the virial expansions. As a consequence, although FMT recovers the low-density limit, the equation of state for the fluid near the transition point is not very accurate. Notwithstanding, because of the dimensional crossover property of the FMT DFs, the predictive power of FMT is greatly enhanced when the packing fraction of the crystalline phase is high enough. Actually, for packing fractions η ≥ 0.5 the comparison between theory and simulations is fairly good [10] . Finally, for dimensions higher than three we should remark that there is a rigorous result that shows that at infinite dimension the PHHC fluid exhibits a second order phase transition to a crystalline phase with a simple hypercubic symmetry [33] . We calculate here the F-S transition of the continuum PHHC as a function of the dimensionality using a bifurcation analysis, i.e. by solving the equations (13) in the one-component limit to find the packing fraction η bif and the period in units of the edge length d/σ at the transition point (note that d is related to q bif as d/σ = 2π/q bif ). These values are plotted in figures 1 (a) and (b), respectively. As is already known, the second virial approximation becomes exact in the limit n → ∞. Here, the packing fraction at the transition scales with n as η ∼ 2 −n . With the aim of comparison, we have also plotted in figure 1 the results from this approach. As we can see from the figure, the packing fraction η bif and the period d/σ obtained from both FMT and second virial approximations are very similar when n ∼ 10. Therefore, it should be expected that around this value of the dimension and for higher ones FMT predictions should not differ too much from those obtained by means of a virial expansion. This supports our approach in the next subsections where we have analyzed the binary mixture stability using FMT only up to n = 9 and from there to n = 25 we have used the third virial expansion instead, and we have concluded with an asymptotic analysis of the second virial expansion, which should be accurate enough for higher dimensions. 
F-F versus F-S demixing in binary mixtures of PHHC
In this section, we will analyze the phase behavior of the binary mixture of PHHC as a function of the dimensionality. As was already shown in dimension three, the F-F demixing is always unstable with respect to the F-S demixing in which a crystalline phase preferentially populated by large cubes coexists with a fluid phase rich in small cubes [10] . The uniform mixture becomes unstable with respect to the F-F demixing for a mixture size asymmetry κ = 5 + √ 24 ≈ 10 in the continuum and κ = 13 in the lattice. However, the position of the critical point of the F-F spinodal curve in the packing fraction-composition plane is always located above the F-S spinodal curve, the latter computed from the set of equations (12) . This is equivalent to saying that at least one of the coexisting uniform phases is unstable with respect to the freezing transition.
We have found the same scenario for higher dimensions. The main differences are only quantitative and can be summarized as follows: the lowest mixture size asymmetry at which the F-F phase separation shows up (see Table 1 . Critical aspect ratio κ * for which the F-F demixing appears for the first time in the continuum and lattice models.
point. Thus the demixing transition is enhanced with n. On the other hand, the packingfraction values at the F-S spinodal also decrease with n, and although they get closer to the F-F spinodal in the neighborhood of the critical point, they remain always below it. This behavior is present even for high values of the mixture size asymmetry. It is worth noting that κ * for the continuum model decreases as the inverse of the dimension; actually from the values shown in table 1 we have found that κ * follows very accurately the law κ * = 1 + a/(n − b) where a = 3.809 and b = 2.566. The conclusion is that, no matter what the dimension or the mixture size asymmetry, the most probable scenario is the presence of demixing between a fluid phase rich in small cubes and a crystalline phase mostly populated by large ones. This scenario is illustrated in figure 2 where we have plotted both spinodals (F-F and F-S) and the F-F coexistence binodals obtained from the continuous model of PHHC in dimension four and asymmetries fixed to κ = 5 and κ = 10. Note that we have used to represent the composition of the mixture the volume compositionx 1 , which is related to the molar fraction asx i = σ n i x i / σ n , where σ n ≡ i σ n i x i . As we can see from the figure, the critical point in the F-F spinodal (x c 1 , η c ) is located above the F-S spinodal, therefore at least one of coexisting fluid phases is unstable with respect to the freezing transition. This scenario is illustrated in figure  2(b) , where we plot the Gibbs free-energy per particle as a function of the molar fraction of small cubes x 1 for a fixed value of the fluid pressure (note the difference betweenx 1 and x 1 due to the huge difference in volume between the large and small cubes). From the left of the F-S bifurcation point (open circle), the fluid branch is usually located above the solid branch which is sketched with a non-convex curve. From our earlier calculations in n = 3 the convexity of the solid branch is usually recovered when the volume fraction of big cubes is near unity. As we have already shown in [34] the infinite mixture size asymmetry limit corresponds to a one-component fluid of sticky cubes. For this case, at any fixed solvent fugaticy, the coexistence is between an infinite dilute vapor phase and a close-packed crystal. When we include a small amount of polydispersity in the edge length of the large cubes the convexity of the solid branch is recovered at high packing fractions, and the coexistence is now between a highly dense crystal and a vapor phase. We expect a similar behavior for a highly asymmetric mixture.
In figure 3 , we show the phase behavior of both continuum (figures (a) and (b)) and lattice (figures (c) and (d)) PHHC for n = 4 and n = 5 for a large set of mixture size asymmetries, some of them being as high as κ = 100. It is remarkable that even for very high values of κ the behavior is the same as that described above: the F-S demixing is the most likely scenario. ) which measures the relative distance between both spinodals at the F-F critical point as a function of n. As we can see from the figure, this coefficient decreases with n up to a certain dimension (the position of the minimum) which depends on κ, and further increases with n diverging at n → ∞ (this will be shown by means of the asymptotic analysis presented in section 4). In these figures are also shown the period d/σ 2 of the crystalline mixed phase withx 1 =x c 1 calculated at bifurcation as a function of n, and the period of the one-component crystal. In general, for low dimensions the crystalline phase of large cubes becomes more packed by adding an small amount of small cubes, an effect clearly related with the entropic depletion forces.
Using the third virial approximation [equations (6) and (8) up to first order in as a function of n in both the continuum and the lattice models. Again, we find the expected behavior: the freezing preempts the F-F demixing.
Effect of polydispersity on the F-F and F-S demixing
We have also studied the effect that the polydispersity has on the demixing behavior of PHHC. We have relegated to the appendix the formalism that leads to the main equations for the F-F and F-S spinodals. If we introduce polydispersity in the cubeedge lengths around their mean values σ 1 = 1 and σ 2 = 50 (i.e. following a bimodal distribution function) for n = 3 and σ 2 = 20 for n = 4, we find that the crystalline phase destabilizes with respect to the fluid phase as the polydispersity increases. However, although the F-F critical point gets closer to the F-S spinodal it is still located above it, even for large polydispersities (see figures 6 (a) and (b)). 
Asymptotic analysis
In this section we will carry out the asymptotic analysis for the functions η c (n) andx c 1 (n) corresponding to the position of the F-F critical point as a function of dimensionality when n → ∞. For this, we will use the second virial approach, as it becomes exact at this limit. The aim of the analysis is to find the relative position of the F-F critical point with respect to the F-S transition at large dimensions. In order to do that, we will use the asymptotic expressions for the F-F critical point to evaluate ∆(q min , η c , x ) as a function of q). Note that if this quantity is negative, this means that the F-S transition is below the F-F critical point. For the sake of simplicity, we will restrict this analysis to the continuum model. In the lattice case, the expressions become too cumbersome, but qualitatively there is no difference with the continuum model, so we have preferred not to include it in this paper.
The expression for the direct correlation functionsĉ (n) ij (q) in the second virial approximation can be obtained from equation (6) as a Taylor expansion of zeroth order in the densities. In this approximation, the pressure can be cast as
In the following, we will use the volume compositionx i and the scaled packing fraction η 0 ≡ η2 n as the adequate variables to evaluate βp and ∆(q, η, x 1 ) when n ≫ 1. In these new variables their expressions become
κ n + 2x 1x2
for the pressure and
Note thatx 2 = 1 −x 1 . The above expression evaluated at q = 0 gives
where we have defined the coefficient δ n ≡ κ −n [(κ + 1)/2] 2n − 1. The equation ∆(0, η 0 ,x 1 ) = 0 defines the F-F spinodal:
The critical point can be found as the value ofx 1 at which dp * (η FF 0 ,x 1 )/dx 1 = 0. When n → ∞, the composition at the critical pointx c 1 goes to zero (and thereforex c 2 ≍ 1); taking this into account and using the new variables s n ≡ √ 1 + 4δ nx1 −1 and τ n ≡ δ n /κ n we have dp
The asymptotic solution of dp * (η FF 0 ,x 1 )/dx 1 = 0 with respect to s n gives us s n ≍ √ τ n + 4
√ τ n + τ n and then, at the F-F critical point,
and from equation (17)
From here we have that the leading terms in the asymptotic behavior at the F-F critical point arex . This negative value implies that the mixture with composition and packing fraction corresponding to the F-F critical point is unstable with respect to the F-S transition. Thus, the F-F demixing is unstable with respect to the F-S demixing.
Conclusions
In the present work we have made the first attempt to answer to the question about how the dimensionality and mixture size asymmetry affect the relative stability of the F-F demixing of PHHC against the F-S phase separation, based on the bifurcation analysis for the latter transition. Although the results presented here strongly suggest the F-S demixing as the most likely scenario independently of the dimensionality and of the mixture size asymmetry, the final confirmation of this phase behavior can be given only after carrying out MC simulations or DFT coexistence calculations on this system. Both tasks become much more difficult as the mixture size asymmetry and dimensionality increase. The main difficulty in performing MC simulations consists of the high probability of overlapping many small cubes when a given large cube is moved by a MC step. Thus a more sophisticated simulation scheme like a cluster movement algorithm is required to carry out these simulations. Even using these schemes, the increase of spatial dimensionality (apart from the high mixture asymmetry) constitutes an additional complication due to the huge increase in the number of particles necessary to perform a simulation with a reliable statistics. Instead of performing an MC simulation on the binary mixture, it is possible to map the mixture onto an effective onecomponent fluid with particles interacting via an effective depletion potential which can be previously calculated using the formalism described in [8] . Although this mapping is approximate it should work very well for very asymmetric mixtures.
The extrapolation of this result to the HHS mixture or other additive hard mixtures should be made with some caution. The elevated barrier for freezing in higher dimensions might allow for the metastable F-F separation to be observed and particularly long lived. Also, as we have pointed out in section 1, the freezing transition in HHS becomes more frustrated with dimensionality. Thus it might possibly occur that at some dimension this frustration makes the F-F demixing the stable one. To elucidate this question we should wait for future works which we hope will have been motivated by the present one. where we have used the notation u 0 (qσ/2) = cos(qσ/2), and u 1 (qσ/2) = 2 sin(qσ/2)/q. Insertingĉ (n) (q, σ, σ ′ ) from equation (6) into equation (A.8), integrating over σ ′ , multiplying the result by σ l u k (qσ/2) (k = 0, 1) and integrating again over σ we obtain the following linear system with respect to the functions ǫ 
